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Abstract 



A graph is a /c-leaf power of a tree T if its vertices are leaves of T and two vertices are adjacent 
in T if and only if their distance in T is at most k. Then T is a /c-leaf root of G. This notion 
I— I was introduced in [13 motivated by the search for underlying phylogenetic trees. We study 

^> here an extension of the /c-leaf power graph recognition problem. This extension is motivated 

^\ by a new biological question for the evaluation of the latteral gene transfer on a population of 

viruses. We allow the host graph to slightly differs from a tree and allow some cycles. In fact 
^ we study phylogenetic galled networks in which cycles are pair wise vertex disjoint. We show 

some structural results and propose polynomial algorithms for the cases /c = 3 and /c = 4. As a 
consequence, squares of galled networks can also be recognized in polynomial time. 

> 

^ 1 Introduction 
O 

The reconstruction of the evolutionary history of a set of species, based on quantitative biological 
CS| data, is one of the most challenging problems in computational biology. 

^ Most often the evolutionary history is modeled by an evolutionary tree called phylogeny whose 

^ leaves are labeled by species and each internal node represents a speciation event whereby an 

Kjj^ ancestral specie gives rise to two children. Practically from the biological data one constructs a 

• ▼H similarity undirected graph on the set of species where adjacency indicates evolutionary closeness, 

rS and then the problem is to build a phylogeny tree from this data. If we understand the distance 

between species as a distance prescribed (k) in the phylogeny, the reconstruction problem is known 
as the recognition of fc-leaf power graphs ^ survey on leaf powers see 0. 

Our motivation comes from a question biological question from [2[ [U [12]. They ask us how 
to measure the relative importance of latteral genes transfer between viruses [7] compare to the 
normal evolution Darwinian rules. In other words can we infer a tree from the virus biological data 
or something else (a tree-like structure plus extra edges). 

Therefore we consider the problem in which the evolutionary history is modelled by a general- 
ization of trees, the so-called galled networks in which cycles are allowed but under the constraint 
that they pairwise do not intersect. 

In the next sections we first consider some easy facts about phylogenetic networks and in section 
4, when studying 4-leaf g-networks we show an important difference with 4-leaf power of trees. Using 
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maximal clique graphs and block decomposition we propose a polynomial algorithm to recognize 
these graphs. 

2 Preliminaries 

It is easy to see that G is a fc-leaf J\f power iff each of its connected component is. So, we may 
assume in the following that G is connected. The case A; = 2 is obvious since only sibling leaves 
can be adjacent, therefore only disjoint union of cliques can be 2-leaf J\f power graphs. 

Most of the tools developed for the study of fc-leaf tree power graphs, are also useful in the 
generalisation to other classes of phylogenetic networks. Therefore we will extend the notions of 
basic tree, visible vertex and critical clique as can be found in |l4l|5j. 

A tree or a network is called basic if each inner vertex is attached to at most one leaf. 

A vertex of N is visible if there is a leaf attached to it, otherwise it is invisible. For any leaf 
X of N ^ let p(x) (for parent of x) be the inner vertex that x is attached to. For any not leaf let 
l(u) (for leaf of u) be the leaf attached io u \i u is visible, and be empty if u is invisible. 

The two following results were already known for fc-leaf tree power and can be easily extended 
to other classes of networks. 

Proposition 1 If G is a k-leaf Af power, then there exists a k-leaf N root N' of G such that there 
is a bijection between the critical cliques of G and the set of leaves which are adjacent to the same 
vertex in N\ 

Proof: Let X be a critical chque of G and N ^ Af he one of its roots. Let us suppose that in 
the leaves labelled by X are adjacent to several different visible vertices vi, . . . ,Vjn^ and denote Xi 
the set of leaves adjacent to Vi. By moving all X2, . . . , X^ so that they become adjacent to vi, and 
then delete all new created leaves if there is any, we obtain a network N\ It is obvious that the 
leaf set of and of N is the same, and is still a Af network, since we ask the class Af to be 
hereditary and closed under addition and removing leaves. Let G' be the fc-leaf power of N\ We 
will prove that G^ is equal to G. 

For any two leaves a, 6, if a, 6 ^ X then their distance in N and in are the same. So, if they 
are connected (resp. non connected) in G, they are also connected (resp. non connected) in G^ 

If a is in X but b ^ X . Suppose that in G, b is adjacent to a, so it is adjacent with all X 
because X is a critical clique of G. Then the distance between b and the leaves of Xi in N are at 
most /c, i.e in the distance from b to the leaves of X are at most k. Then, b is adjacent to all X 
in the G^ The same, if b is not adjacent to X in G, then b is not adjacent to any leaf of X in G^ 

If a, 6 are both in X. Since X is a clique of G, ab is connected in G. They are obviously 
connected in G' because their distance in is exactly 2 (they are attached to the same node vi). 
So, G' is equal to G. 

By using this construction for any critical clique of G, then for each critical clique X of G, there 
is a vertex vx in such that all vertices in X are attached to vx of N\ Suppose that there are 
two critical cliques X, Y such that vx = vy, then it is easy to see that in the fc-leaf power of N\ 
X U y is a critical clique. However, the fc-leaf power of is G, it is a contradiction because X, Y 
are critical cliques in G so X U y can not be a critical clique of G. This achieves the proof. 

□ 

Proposition 2 G is a k-leaf Af power if and only if CC(G) is a k-leaf basic Af power. 
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Proof: Suppose that G is a fc-leaf J\f power and N is one of its roots. By the above proposition, 
we can choose N such that the leaves of any critical clique of G are attached to the same visible 
vertex. By contracting each set of leaves of N which adjacent to the same node, we obtain a basic 
network G J\f. It is easy to see that is a fc-leaf power of CC{G). 

Conversely, if CC{G) is a fc-leaf basic J\f network power and N' is one of its basic roots. By 
replacing each leaf of N' by the set of leaves of the corresponding critical cliques, we obtain a 
network N which is a fc-leaf root of G. □ 

3 3-leaf power of J\f networks. 

It is known that a connected graph G is a 3-leaf tree power if and only if its critical clique graph 
is a tree ^MjHllG]. Our next result generalizes this result to M network powers. 

Theorem 1 A graph G is a 3-leaf Af power if and only if its critical clique graph belongs to Af. 

Proof: Using previous Proposition |2| let us suppose that CC{G) — {V^ E) is a 3-leaf M power 
graph and let N be one of its roots. By definition it exists a bijective mapping 9 from V to the 
leaves of N . 

For every t, t' leaves of N dist{t, t') < 3 iSp(t)p(t') is an edge of N. Therefore 0-^(t)0-^{f) G E 
iff p{t)p{t') is an edge of A^. So CC{G) is isomorphic to a subgraph of N . We have forced the class 
N to be hereditary, so CC{G) belongs to N . 

Conversely, if CC{G) belongs to AA, let us build a phylogenetic network N from CC{G) by 
adding to every x G a leaf l{x) attached to x. Af is supposed to be closed by adding leaves, so 
N G Af. Furthermore we immediately have d]s[{l{x)^ Kv)) = 3 iff G 

□ 

Corollary 1 The recognition of 3-leaf Af power is equivalent (same complexity) of the recognition 
problem for Af. 

Corollary 2 3-leaf g-network powers can be recognized in linear time. 

Proof: Since it is well-known that computing twins (false or true) can be done in linear time see 
[To] , therefore calculating CC{G) can be done in linear time. Recognition of g- networks can also 
be done in linear time simply by using a depth-first search traversal and computing the block (2- 
connected components) decomposition of the graph. To conclude we just have to check if every 
block contains at most one cycle and if these cycles intersect. 

□ 

4 4-leaf basic g-network powers 

For k — A the problem becomes harder to solve and therefore for technical purpose we choose to 
consider first a slight generalization of trees namely g- networks. 

Definition 1 Let C be a set of n species. A g-network on C is a connected undirected graph 
containing n vertices of degree 1 which are bijectively labelled by C and in which induced cycles are 
pairwise vertex- disjoint. 

Moreover, by computing CC{G), one can easily transform a 4-leaf g-network power to a 4-leaf 
basic g-network power. So, we study the problem only on basic models. 
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4.1 Preliminaries 



As a first remark we notice that if G is a 4-leaf basic g-network power then it has a root N which 
does not contain any two adjacent invisible vertices. This is simply because if there were an edge 
between two invisibles vertices, this edge cannot be used to connect 2 leaves via a path of length 
< 4. Therefore this edge can be deleted in N. So we can suppose that our networks do not contain 
two adjacent invisible vertices. This assumption implies that for any two vertices x^y of G, there 
is a path from x to ^ in G iff there is a path from 0(x) to 0{y) in N. 

Definition 2 For a subset of vertices M of G let us define for a root N of G, N[M] to he the 
minimal connected induced subgraph of N whose leaves are exactly 9(M) and for which \/x^y G 
M, dN[M]{0{x),9{y)) = dN{9{x), e{y)). 

When N is known, for every subset of vertices M, N[M] is uniquely defined and easy to compute. 

The family T of g- networks described in Figure [T] is made up with an infinite family of visible, 
invisible (quasi) stars together with 5 networks A^4, A^s, N^^ N^^ Nq based on cycles of length 4 to 
6. 




(a) An invisi- (b) An invisi- (c) A visible (d) A visible (e) A^4 
ble star ble quasi star star quasi star 







(g) (h) N^' (i) Ne 

Figure 1: J-' the family of roots of maximal clique for 4-leaf basic g- networks power 



Observation 1 Suppose that G has a A-leaf basic g-network root N. Then M is a maximal clique 
of G iff N[M] is isomorphic to one of the subgraphs in T . 

We denote i-cycle for a chordless cycle of length i. So, A^4 is a 4-cycle without invisible vertex, 
A^5 is a 5-cycle without invisible vertex, N'^ is a 5-cycle with one invisible vertex, N'J^ is a 5-cycle 
with two invisible vertices and N% is a 6-cycle with 3 visible vertices of pairwise distance 2. 



An invisible star (Figure 1(a)) consists of an invisible vertex called the middle vertex of it, 
and all visible vertices adjacent to u as well as the leaves attached to these visible vertices. Two 
visible vertices of an invisible star can be adjacent, in this case we have an invisible quasi star 



(Figure [1(b) ). Because there is no intersecting cycle in the constructing networks, there are at 



most two adjacent visible vertices in each invisible quasi star. 
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A visible star (Figure [l(c) ) consists of a visible vertex called the middle vertex of it, the leaf 



of u and all visible vertices adjacent to u as well as the leaves attached to these visible vertices. 
If there are two adjacent visible vertex u,u^ such that they are not adjacent to any other visible 
vertex, then the visible star of u is exactly the visible star of u\ we can consider either u or as 
the middle vertex of this visible star. Similarly we define also visible quasi star (Figure l(d)[ ). 

Moreover, if a visible or invisible star is totally included in another visible or invisible star, or 
a network A^4, A^5, A^^, N^^ Nq then we do not consider it as a visible or invisible star. For example. 



this is the case of the visible star whose middle vertex is p{b) in Figure [1(e) when p{b) is not adjacent 
to any other visible vertex different from p(a)^p{c); or the invisible stars having {a, d} as the leaf 



set in Figure 1(g) when the middle vertex of this star is not adjacent to any other visible vertex 
different from p(a)^p{d). 

Proof: ^ Let M = {xi, . . . ^Xk} be a maximal clique of G, then in N we have d{xi^ xj) < 4 for 
any ij. 

We first prove that N[M] cannot contain more than one cycle. In fact, if there are two cycles 
Ci, C2 in N[M], they are vertex disjoint and be separated by a path containing at least one edge. 
Let ui,U2 be the extremities of this path on Ci, C2. There must exist a 
visible vertex Vi on Ci different from Ui for any z = 1, 2. Indeed, suppose 
otherwise, then in order that the distance between every pair of leaves 
in M are at least 4, all leaves of M are attached to either ui or U2. It 
implies by the definition of N[M] that N[M] consists of only the path 
from ui to U2 but not the cycles Ci, C2, a contradiction. Let Xi be the 
leaf attached to Vi. Hence, dN{xi,X2) > 5, it means that they are not 
connected in G, a contradiction. 

If N[M] contains a cycle, that cycle has at most 6 vertices. Otherwise there are two leaves 
whose distance is greater than 4. So, the Figures [T(b)j [T(d)j [T(i)j [T(f)j [T(i)j [T(h)| [T(i)] correspond 
to all the possible configurations of N[M] in this case. 

If N[M] does not contain any cycle, then in order that d{xi, xj) < 4 for any i, j, N[M] must be 
a star (visible or invisible). 

<^ It is obvious that the 4-leaf power of any network of is a clique. By definition, not any 
network of J- is included in another one. So each one correspond to a maximal clique of G. □ 




Therefore, one can construct a 4-leaf g-network leaf of a graph G by replacing each maximal 
clique M of G by a network in the family T in an appropriate way. 

It should be noticed that the networks A^4, A^5, A^^, A^^ and Nq of the family T are not chordal 
graphs. Nevertheless maximal cliques still play a great role as will be shown in the following 
sections. 



Definition 3 (Maximal cliques graph) Let G be a biconnected graph. The maximal cliques 
graph of G, denoted by MC(G) is a graph whose nodes correspond to maximal cliques of G. Two 
nodes A, B are connected by an edge if and only if the corresponding maximal cliques of A and 
B have common vertices, and furthermore A^ B is maximal with respect to A or B. (AnBis 
maximal with respect to A if there is not any node C such that A^C is included in An B). 

The label of a node A of MC{G)^ denoted by 1{A)^ is equal to the vertex set of the maximal 
clique A. The label of an edge AB, denoted by 1{AB)^ is equal to the common vertex set of the 
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(a) G 



bg eg deg def 
A=(abg), B=(bcg), C=(cdeg), D=(defg), E=(defh) 

(b) MC{G) 



Figure 2: An example of maximal cliques graph 



two maximal cliques A, B. The label of a subgraph S, denoted by l(S), is equal to the union of the 
labels of the edges of S. The weight of an edge of MC{G) is the cardinal of its label. The size of 
a node is the cardinal of its label. 

Let A be a node of MC{G)^ denote by N[A\ the induced subgraph of N as defined in Definition 
[2j on the maximal clique of G corresponding to the node A. For the sake of simplicity, when we 
represent N[A\ in figures, except the leaves of A which have concrete labels, we denote the labels 
of the other leaves by A. 

We say that a network n is a 4-leaf root of a subgraph S of MC{G) iff MC{n^^) = S. 

Let 5 be a subgraph of MC(G), then denote by G[S] the induced subgraph of G on the vertex 
set consisting of all 1{A) for every node A of S. If a network n is a root of G[S]^ we also say that 
it is a root of S. 

With this definition of MC{G), we can deduce several properties of MC{G) related to the 
family in the observation below. 

Observation 2 Let N be a A-leaf basic g-network root of G. 

(i) IfAB is an edge ofMC{G) such that 1{AB) = {x, y} and N[A],N[B] 
are visible (quasi) star, then x, y are the two leaves attached to the middle / ] ] \ 

vertices of N[A] and N[B]. A x y B 

(a) If AB is an edge of MC(G) such that \AB\ = 3 then either N[A], N[B] are visible quasi 

stars sharing a same triangle or one of them is N4 or or and the other is a visible star. 




(Hi) If ABC is a triangle of MC{G), then: 
- either \AB\ = \BC\ = \AC\ = 2, then one 
of N[A\^N[B]^N[C] is either an invisible quasi 
stars or a . 




- or \AB\ = \BC\ = \AC\ = 3, then 
N[A], N[B]^ N[C] are 3 visible quasi stars 
sharing the same triangle. 




A B 



z C 
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(iv) If AB is an edge of MC{G) such that \AB\ — 1 then either N[A\ or N[B] is an invisible 
(quasi) star. 

(v) If MA, MB are two edges of MC{G) such that \MA\ = \MB\ = 3 and AB is not an edge 
of MC{G) then N[M] is either N4 or or and N[A], N[B] are visible stars. 

Proof: (i) We check all the possible configurations of N[B] such that they have two common 

leaves x,y. 

Suppose these common vertices are not middle vertices of N[A], N[B], 
and the middle vertices of N[A],N[B] are respectively a, 6. So, there is a 
4-cycle A^4 with the leaves x, y, a, b. Let C be the maximal clique corre- 
sponding to this cycle. Then AdC = {x, a, 6} and B D C = {y^ci, 6}, i.e. 
AnB is include in A n C and 5 n C By definition of MC{G), AB is not 
an edge of MC{G), a contradiction. 

Suppose that x is the label of the middle vertex of N[A\, but y is not the 
label of the middle vertex of N[B]. Because x is contained in the star N[B], 
so b is also in the star having p[x) as middle vertex. In other words, b is 
contained in A^[A], i.e. A, B have 3 common vertices x, y, 6, a contradiction. 
So, X, y are the labels of the middle vertices of N[A],N[B]. 

(ii,iii) It is easy to check theses claim by considering all possible configurations of N[B], 
(and N[C\) with the condition of vertex-disjoint cycles in N . 

(iv) Suppose that neither N[A\ nor N[B] is an invisible (quasi) star, and let x be the unique 
common leaf of N[A\ and N[B]. By considering all other possible configurations of N[A\ and N[B], 
we can deduce that it is not possible. 

For example suppose that N[A\,N[B] are visible (quasi) stars. Let 
x^, be the leaves of the middle vertex of N[A] and N[B]. Let consider 
the visible (quasi) star having p[x) as its middle vertex, it corresponds to 
the maximal clique C . So, C contains xa^xb- We deduce that A^B C. 
Ar\C d.iid Ar\B d Br\C. By definition of MC{G), AB is not an edge, 
a contradiction. 

If N[A] is visible (quasi) star, N[B] is let xa be the leaf of 
the middle vertex of Let consider the visible (quasi) star having 

p(x) as its middle vertex, it corresponds to the maximal clique C. So, C 
contains xb and y,t. We deduce that AnB C AnC and AnB C BnC. 
By definition of MC{G), AB is not an edge. 

Similarly, we can check that in any other case, there is always a maximal clique C such that 
An B C AnC and AnScSnC, a contradiction. 

(v) We have \MA\ =3, so by Observation (ii): 

- either A^[A], N[M] are visible quasi stars sharing a triangle. Since \MB\ = 3, N[B] must be 
also a visible quasi star which share the same triangle with N[M] and So, AB is connected 
by an edge of weight 3 in MC(G), a contradiction. 

- or N[M] is A^4, A^5, or and N[A], ^i^] are visible stars, so we are done. □ 



Lemma 1 If G is a 4-/ea/ basic g-network power, then 

(i) each edge of G is contained in at most 3 maximal cliques. 

(ii) any two maximal cliques have at most 3 vertices in common. 
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Proof: Let be a 4-leaf basic g-network root of G. 

(i) Let xy be an edge of G which is contained in a maximal chque A. 

- If N[A] is not a visible or invisible quasi star: suppose that there are other two maximal 
cliques B,C that contain xy. Then for any configuration of the family T that N[A], N[B], N[C] 
take, we can check that N[A U B U C] contains always two non disjoint cycles, contradicting that 

is a g-network. So, it this case, there are at most 2 maximal cliques containing xy. 

- If N[A] is a visible or invisible quasi star: then there are at most two other maximal cliques 
different from A that can contain x, y by the same reason. In the case that there are exactly 2 
other maximal cliques B, C that contain x, y, then ABC is a triangle of MC{G). 

(ii) Let A, B be two maximal cliques having more than 1 common vertices. Always by the 
condition of vertex-disjoint cycles in N ^ we deduce that if both A^[A], N[B] are either visible stars 
or invisible (quasi) stars or iVg , or Nq^ then they have at most 2 common leaves. If one of them is 
a visible quasi star or A^4 or A^5 , or N'^^ then they have at most 3 common leaves. Moreover, when 
they have exactly 3 common vertices, either one of them is A^4 or A^5 or A^g, or both of them are 
visible quasi stars (Claim (ii) of Observation [2]) . □ 

Corollary 3 For G — {V^ E) a A-leaf basic g-network power, the number of maximal cliques of G 
is bounded by 3|£'|. 

Theorem 2 For G — {V^E) a A-leaf basic g-network power graph, MC{G) can be computed in 
0{\V\.\E\^). 

Proof: It suffices to use any algorithm that generates all maximal cliques of G in Odyl.lE^I) delay 
using polynomial space as described in If it has more than 3.|£'| maximal cliques, we can stop 
the algorithm and conclude that it is not a 4-leaf basic g-network power, otherwise we can calculate 
the edges of MC{G) within the same complexity. □ 

When a clique is a block, let us call it a block clique. Another similar property with 4-leaf basic 
tree roots is stated in the following lemma. 

Lemma 2 If G is a 4:-leaf basic g-network power, then there exists a ^-leaf basic g-network root N 
of G such that for any block clique B of G, N[B] is an invisible star. 

Proof: Let Bi^ . . . Bm be the blocks of G. Let A^o be a 4-leaf basic g-network root of G. For any 
Bi^ let Ni = N^[Bi]. By the above analysis, A'o is obtained by combining A^^ for alH = 1, . . . , m. 
For any block clique Bi we replace A^^ by the invisible star Si having the vertices of Bi as its leaf set 
such that if A^^, Nj have x and p{x) as common vertices, then Si and Nj also have x and p{x) as 
common vertices. Let the resulting network is A^. It is obvious that Si is a 4-leaf basic g-network 
root of Bi. We will prove that A^ is a 4-leaf root of G. It is easy to check that tor any two leaves x, y 
of G, if X, y are not in the same block, then their distance in A^ are greater than 4. This corresponds 
to the fact that x, y are not connected in G. If x, y are contained in one block and this block is 
not a clique, then their distance in A^ is exactly their distance in A'o. If this block is a clique then 
their distance in A^ is exactly 4 because they are two leaves of an invisible star. That corresponds 
to the fact that xy is connected in G because they are in the same clique. Therefore, G is a 4-leaf 
power of A^. 

It is obvious that A^ is a basic network. We must prove furthermore that the cycles in A^ are 
pairwise vertex-disjoint. From the assumption that there is no adjacent invisible vertex in A^, we 
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deduce that each cycle of N is contained in the root of a block of G. Since A^o is a g-network, the 
cycles in each Ni are pairwise vertex-disjoint. The invisible stars Si do not contain any cycle, so 
the cycles in N are always pairwise disjoint, i.e. is a basic g-network. □ 

4.2 Adding extra constraints to the root graphs 




(a) (b) (c) (d) 

Figure 3: Examples of the simplification 



Let us suppose that there is a root N in which there exists a 3 or 4 or 5-cycle having only 
one vertex which is adjacent to other inner vertex not on the cycle. An easy observation shows 
that in such a case we can simplify the root to another simpler network (in each case the cycle is 
shortened) without changing the 4-leaf power and the properties of disjoint cycles of the network as 
illustrated in Figures |3(^ |3(b)J If there is a 5-cycle with one invisible vertex u as in Figure 

|3(d)| such that p(x)^p(t) and u are not adjacent to any other inner vertex not on the cycle, then we 
can replace it by the 4-cycle in the right. We apply such a transformation at most once for each 
cycle. 

Therefore we can suppose that the networks that we construct are connected, do 
not have any two adjacent invisible vertices and do not contain any such 3,4, 5-cycle. 
Moreover, according to Lemma [2| then induced subgraph of the roots on each block 
clique of G is an invisible star. 



4.3 Sketch of the analysis of the 4-leaf case 

We consider separately each block of G. The steps of the algorithm on one block is resumed in 
the example of Figure [ij Firstly, we calculate the maximal cliques graph MC{Bi) of each block 
Bi. Next, we find all particular subgraphs of MC{B) such that every root of each one has exactly 
one cycle. Some conditions must be taken into account on the root set of these subgraphs in order 
that they are compatible with the others in the same block as well as in the adjacent blocks. After 
this step, we have the set of cycles of a 4-leaf basic g-network of G, namely cycle-root set TZc- 
Therefore, by separating the corresponding subgraphs from Bi the obtain graph B\TZc must be the 
square of a forest (Theorem [5]) . The later problem is known to be linear. So, it is easy to construct 
a root of B\JZc which is compatible with the cycle-root set TZc- So, by combining them together, 
we obtain a 4-leaf basic g-network of Bi. The final step is combining the root of each block to have 
the corresponding root of G. 

Hence, recognition of 4-leaf basic g-network powers can be done in polynomial time. As a 
consequence, squares of basic g-networks can also be recognized in polynomial time. 
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Almost the remaining of this paper is devoted to construct the cycles in the roots of G (Section 
|4.4| ). For this purpose, we introduce some special subgraphs of MC{G) namely Ce{G), Co{G) (when 
G is biconnected) and Cc{G) (when G is not biconnected) . 

4.4 Detecting the cycles in the roots of G. 

We call a cycle is hig if it contains at least 7 vertices, otherwise it is small . It should be noticed 
that all cycles that we mention here (cycles of MC{G) or cycles of networks) are chordless cycles. 
We will denote the cycle in N by the lower-case letter c and the cycle in MC{G) by the upper-case 
letter C. 

Let be a basic g-network. For any cycle c of N ^ let us define the set of 
labels of the visible vertices of c as /(c) = {x G £ | p{x) G c} . Denote by 
S{c) the subnetwork of N consisting of c and all (quasi) visible and invisible 
stars having a vertex of c as their middle vertices. 

Example 1 In the figure in the right, we have a cycle c and S{c). By 

definition, l{c) = {xi, X2, X3, X4, X5}. 
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Lemma 3 If G is hiconnected, is not a clique and has a A-leaf basic g-network root N, then: 

(i) Any invisible vertex of N is contained in a cycle. 
For any cycle c of N and for any vertex u on c: 

(a) If u is visible then u is not adjacent to any invisible vertex not on c. Furthermore, if u is 
adjacent to only invisible vertex on c, then u is not adjacent to any other inner vertex not on c. 

(Hi) If u is invisible, let s be the (quasi) invisible star having u has its middle vertex, then for 
any visible vertex v of s which is not on c, v is not adjacent to any other inner vertex different 
from u. 

Proof: (i) Suppose that N has an invisible vertex u which is not contained in any cycle. 
Let X, y be two leaves of the invisible star of and let z be a leaf not in this 
invisible star which has distance at most 4 with x. Since G is biconnected, 
there is at least a path in G from y to z which does not pass x. We deduce 
that in N there is at least a path from p{y) to p{z) that does not pass p{x). 
In other words, there is a cycle passing a contradiction. 

(ii) Let c be a cycle of N and let uhe a, visible vertex on c. 
Suppose that u is adjacent to an invisible vertex i not on c. Let v be another 

vertex adjacent to z, so v is visible. Let x, y be the leaves of v. Let t be another 

leaf such that p{t) is on c. If in N all path from t to y passes by u, then all paths 

from t to y in G must pass x. This is a contradiction because G is biconnected. 

So there is another path from p{t) to p{y) which does not pass this means 

that there is another cycle different from c intersecting with c. This is impossible 

because is a g-network. 

Suppose that u is adjacent to 2 invisible vertices on c, let xi,X2 be the 

leaves of these two invisible vertices. Suppose that u is adjacent to a vertex v 

not on c. As showed above, v must be visible, let y be the leaf of v. In order 

that y is contained in the same block with x,xi,X2, there must exist a path 

from y to xi in G which does not pass x. It implied that in N there exists a 

path from p{y) to p{xi) which does not pass p(x). However, that will create a 

cycle intersecting with c, a contradiction. 

(iii) Let c be a cycle of N and let u be an invisible vertex on 
c. Let X be a leaf of the star s of u such that p{x) is not on c. 
Let be a leaf of this star such that p{y) is on c. Suppose that 
p{x) is adjacent to an inner vertex different from then there 
is a leaf z not in s such that d^^ix^ z) < 4. Then, in G there is 
a path from z to y which passes x. Because G is biconnected, 
there must be a path from z to y in G which does not pass x. 
That will produce in N another cycle intersecting with c at 
(there are two cases indicated in the figure), a contradiction. 






□ 



We introduce a list of subgraphs Ci, . . . , Cg of MC{G) that will be used in the sections below 
(Figure [s]) to detect the cycles in the roots of G. 

C2 is a star of MC{G) consisting of at least two edges such that all of its edges have weight 3 
and non of them belongs to a subgraph Ci. 

Cq is a cycle which is not contained in any subgraph C3. 

Cq is a segment of weight 3 which is not contained in any subgraph Ci or C2. 
is a cycle of MC{G) which is different from Ci, Cq and C^. 
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Figure 5: Some subgraphs of MC{G) that imply cycles in the roots of G 



The other subgraphs have exactly the forms described in the corresponding figures. 
The following lemma states a relation between the cycles of MC{G) and the cycles in the 4-leaf 
basic g-network roots of G. 

Lemma 4 Suppose that G has a A-leaf basic g-network root N. Then for any cycle C of MC{G), 
which is not a A-cycle in any subgraph Cs of MC{G), there is a cycle c in N such that 1{C) — 1(c). 

And for any subgraph S isomorphic to Cs of MC(G), there is a 6-cycle without invisible vertex 
c in N such that l(S) = /(c). 

Proof: Let C = [Ai, . . . Aj^, Ai] be a cycle in MC{G). Let us denote the label of AiAi^i by li. 

Using Observation [ij N can be constructed by replacing each Ai by a subnetwork of T along 
the cycle in a way such that if Ai,Ai^i has li in common then their corresponding subnetworks 
also have the leaves li in common. Since all the graphs in T are connected, that creates a cycle c 
in N. 




(a) (b) (c) (d) 

Figure 6: Some small cycles of N and the corresponding cycles in MC{G) 



So if there is an Ai such that A^[A^] contains a cycle, then this cycle intersects with c. Since 
the cycles in N must be pairwise disjoint, in this case the cycle of A^[A^] must be exactly c. As 
indicated in Observation [TJ the subnetworks of contain cycles of at most 6 vertices. By taking 
the 4-leaf power of all possible configurations of ^(c), there are only 4 cases that the corresponding 
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maximal cliques graph is a cycle: A 3-cycle without any invisible vertex (Figure [6(a)]) , a 3-cycle 
with exactly one invisible vertex (Figure [6 (b)| ), a 5-cycle with exactly two invisible vertices (Figure 
6(c)[ ), a 6-cycle with one invisible vertex (Figure |6(d)]) . It can be verified that in all these cases 
that /(c) equals 1{C). 




Figure 7: A 6-cycle without invisible vertex and Figure 8: N[Ai] is either a visible or invisible 
its maximal cliques graph. star. 

Especially, for the case of 6-cycle without any invisible vertex, the corresponding maximal 
cliques graph is isomorphic to the graph Cs (Figure [7|. For the other cases, there is no cycle in the 
corresponding maximal cliques subgraphs. 

On the other hand, if there is not any Ai such that A^[A^] contains a cycle, then A^[A^] is a 
visible star or an invisible star for all i. By replacing each node Ai by a visible or invisible star 
having A as the leaf set such that if the two maximal cliques have x, y (or x) in common then the 
corresponding stars also have two leaves x, y (or x) in common, we obtain a cycle c having /(c) such 
that /(c) is equal to 1{C) (Figure [s]). □ 

This lemma shows that MC{G) can contain chordless cycles or G can contain chordless cycles. 
This makes a big difference with the fc-leaf tree power graphs which were proved to be strongly 
chordal 

4.4.1 Easy cycles when G is biconnected 

They consist of all the big cycles, some 6-cycles with 2 invisible vertices, and some small cycles 
without invisible vertices. 

Let us denote by Ci{G) the set of subgraphs isomorphic to Ci of MC{G). So it contains all 
triangles of MC{G) with 3 edges of the same label weighted by 3. 

C2(G) the set of ah subgraphs C2 of MC{G). 

Cs{G) the set of all subgraphs isomorphic to C3 of MC{G). 

C'{G) the set of cycles of MC{G) which are different from Ci, Cq and C^. 

Let Ce{G) = C'(G) UCi(G) UC2(G) UC3(G) (e for easy). 

Lemma 5 Suppose that G has a A-leaf basic g-network root N. For any cycle C = [A1A2 . . . Ak, Ai] 
of C\G), N[Ai] is either an invisible star or a visible star, and it is an invisible star iff \Ai-iAi\ — 
= 1. 

Proof: C is not a 4-cycle in any subgraph of Cz{G) because C G C\G). By Lemma [4| any root N 
of G contains a cycle c such that /(c) = 1{C). 

The first case of the proof of Lemma |4] can not happen because in this case, the corresponding 
maximal cliques graph is either a triangle or a 4-cycle having all edges of weight 2, so can not be 
in C\G). 
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For the second case, A^[A^] is either a star or an invisible star for any i. Remark that if an 
invisible star has two common vertices with another star or invisible star, then a 4 cycle is created. 
This cycle intersect with c, a contradiction. Hence an invisible star here has at most one common 
vertex with other stars. In other words, if A^[A^] is an invisible star then Ai-iAi^ AiAi-^i have weight 
1. Conversely, suppose that N[Ai] is a visible star, we will prove that either l^^-iA^I or I^^A^+il 
is greater than 1. If N[Ai-i] (resp. A^[74^+i]) is also visible star, then AiAi^i (resp. AiAi^i) has 
weight 2. If both N[Ai-i] and A^[74^+i] are invisible stars, then by Lemmajs] (ii), the middle vertex 
of A^[A^] is not adjacent to any other inner vertex not on c. The later implies that the visible star 
N[Ai] consists of only a middle vertex and a leaf, i.e. it is included in N[Ai-i] and N[Ai^i]^ a 
contradiction. So, A^[A^] is an invisible star if and only if the edges Ai^iAi, AiAi^i have weight 1. 
□ 




(a) A triangle of Ci{G) (b) A subgraph of €2(0) and some of its roots 

and one of its root 



Figure 9: Illustration of Lemma |6] 



Lemma 6 Suppose that G has a A-leaf basic g-network root N, then: 

1. For each triangle A1A2AS G Ci(G), N[Ai], N[A2], A^[^3] are visible quasi stars sharing the 
same triangle. 

2. For any star S — MAi . . . A^ of C2(G) where M is the middle node and k > 2, each N[Ai\ 
is a visible star, N[M] is a cycle having the label set equals to 1{M), and: 

- either \M\ = 5, then N[M] is an N^. 

- or \M\ = 4, then: 

If there is not any edge of weight 2 in MC{G) incident to M, then N[M] is an N4. 

Otherwise, N[M] is a and k = 2. Let MM' be an edge of weight 2 in MC{G). Then, if 
l[MM') is disjoint with l{MAi) r\l{MA2) then N[M'] is the invisible star having the only invisible 
vertex on the cycle of N[M] as its middle vertex. Otherwise, N[M'] is a visible star. 

3. For each subgraph S of Cs(G), N[S] contains a 6-cycle c without invisible vertex such that 
l{c) = l(S). Moreover, for any node A of S which has a neighbour node in MC{G) not in S, N[A\ 
is a visible star. 

Proof: 1. This result is the Claim (iii) of Observation [2j 

2. For any i = 1, . . . , A:, by Claim (v) of Observation [2] we deduce that either both N[M] and 
A^fA^] are visible quasi stars, or exactly one of them is an A^4 or A^5 or N'^. If N[M] is a visible 
quasi star, then there can not be 2 edges having weight 3 incident to M, except when MAi is in a 
triangle of Ci{G) which is a contradiction with the definition of C2{G). So, N[M] is either an A^4 
or A^5 or N'^. Remark that in these cases the label set of the cycle in N[M] is equal to 1{M). So: 

- If \M\ = 5 then N[M] is an N^. 
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- If \M\ = 4 then N[M] is either an or N'^. 

Remark that if N[M] is an A^4, then ah edges of M have weight 3. So, if there is an edge 
MM' of weight 2, then N[M] must be a N'^ (the last cycle in Figure |9'(b)| ). In this figure, we can 
see that only the two stars having p{y) and p{z) as middle vertices can have 3 common leaves with 
N[M]. Therefore, if 1{MM') is disjoint with l{MAi) n /(MA2), then 1{MM') = {x, t}, and N[M'] 
is the invisible star having the invisible vertex of A^[M] as its middle vertex. 

If there is not any edge of weight 2 incident to M, then N[M] can be either an A^4 or N'^. 
However, with the constrains that we impose on N (Figure [3 (d)| ), we choose N[M] as an A^4. 

3. In the proof of Lemma [4| we proved that if 5 is a C3, then N[S] contains a 6-cycle c without 
invisible vertex such that /(c) = 1{S). In a ^(c), there are 8 networks of the family consisting of 
2 subnetworks Nq and 6 visible stars. Observing that if a maximal clique A corresponds to an Nq 
then it can not have a neighbour node not in 5, otherwise another cycle intersecting with c will be 
created. So if a node A oi S has a neighbour not in 5, then it N[A] must be a visible star. □ 

Lemmas [5] and [6] are constructive. So it is possible to construct the roots of each subgraph 
S G Ce{G) if we can determine the label of the middle vertex of each visible (quasi) star in the root. 
This is also easily done with the following remark. 

Remark 1 (Middle vertex) Let N he a A-leaf basic g-network root of G. Let A he a node of 
MC{G) such that N[A\ is a visible (quasi) star. Let B be a neighbour of A in MC{G) such that 
\AB\ > 2 and N[B] is not an Nq. Then the label of the middle vertex of N[A] is contained in 
1{AB). 




(a) (b) (c) (d) (e) 

Figure 10: The leaf of the middle vertex of N[A] is a leaf of N[B] 



This remark can be easily proved by checking all the possible configurations of N[B]. Indeed, 
remark that N[B] is not an invisible (quasi) star because otherwise \AB\ — 1. For any other 
configurations of N[B]^ the leaf of the middle vertex of N[A\ is always a leaf of N[B] (see Figure 

To]). 

So, the choice of the label of the middle vertex of N[A\ is unique except in some case when A 
has at most one such neighbour node. For the later case, let B be the only neighbour of A such 
that \AB\ > 2. Then it depends on the configuration of N[B] that we can deduce easily the label of 
the middle vertex of If B does not have neither a further neighbour C such that \BC\ > 2, 

then the choice of the label of the middle vertex of N[A] does not influence the construction of the 
remaining part of N. Remark that for any S G Ce{G), except the label of the middle vertices of 
the visible (quasi) stars, the other part of the roots of S is uniquely determined by Lemmas [5j [oj 
Hence, with the above remark, we can consider all roots of S as only one root, because they have 
the same configuration and by replacing one by another, we do not change its 4-leaf power as well 
as the properties of disjoint cycles. With this convention, we have the following result. 
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Corollary 4 Each subgraph of Ce{G) has a unique root. 



By Lemmas [5} |6j and by the condition of vertex-disjoint cycles in the roots of G, we deduce 
that ah subgraphs of C'(G), Ci(G), Cs{G) must be node disjoint and not contain any middle node 
of any subgraph of C2{G). 



4.4.2 Other cycles when G is biconnected 

The other cycles in the roots of G when G is biconnected consist of all small cycles which are not 
detected in the previous section. We will use the subgraphs C4, . . . , Cg of MC{G) to recognize them. 
They are not easy cycle because each such subgraph can have several roots containing different 
cycles, and we must consider furthermore conditions to determine which cycles are contained in a 
4-leaf basic g-network root of G. 

Observation 3 For i = 4, . . . , 9^ every A-leaf basic g-network root of Ci contains a small cycle, 
and any subgraph smaller than Ci does not have this property. 

Indeed, using Observation [T] and by considering all the possible configurations, we find for each 
Ci a finite list of its possible roots. They are the networks in Figures [TT} 16 Each root has 



exactly one cycle. Note that Cq can actually have some more roots but by the constraints imposed 
on the networks, its root have only 2 forms i?9,i,i?9,2- However, not all networks listed in Figures 



11, [16] are always roots of the corresponding Ci. We must check furthermore the size of each 
maximal clique. For example, with C4, if the maximal clique D contains more than 3 vertices, then 
i?4^3 can not be its root because in this network D corresponds to the maximal clique having 3 
vertices x,y,z. 




(a) C4 (b) i?4,i(A) (c) i?4,2(A) 

,C jX 

B 




(d) R4,3{XZ) (e) R4a{x) (f) i?4,5 




■z ^ z^ 

(C) i?5,2(A) (d) i?5,3(A) (e) i?5,4(A) 



Figure 12: C5 and its 4-leaf basic g-network 
Figure 11: C4 and its 4-leaf basic g-network roots roots 



Example 2 (Roots of Ci) C5 has 4 forms or roots: R^^i, i?5,2; ^5,3; ^5,4- Each form can have 
several derivations: for the form R^^i, we have R^^i{A) as in Figure 12(b) and also R^^i(D) by 
permuting A and D, B and C . In general, the list of roots of each Ci is generated up to permutation 
with respect to symmetry. 
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(a) Cq (b) R6,i{yztu) 

Figure 13: Cq and its 4-leaf 
basic g-network roots 



/A 




(a) Cr (b) RrAM (c) RrA^^) (d) RrAM 
Figure 14: C7 and its 4-leaf basic g-network roots 





(b) R8,MB) (c) RsM^B) 



xyz A-^ A y z 

(a) C9 (b) R9,i{xy) (c) i?9,2(Ax2/) 



Figure 15: Cs and its 4-leaf basic g-network Figure 16: Cg and its 4-leaf basic g-network 
roots roots 

These subgraphs in MC{G) are not necessarily node-disjoint, and they are not necessarily node- 
disjoint with the subgraphs of Ce(G). Moreover, two different subgraphs can contain same cycle in 
their roots. We give here 2 examples. 



Example 1: the subgraph in the following fig- 
ure consists of two subgraphs C4 and its root 
contains only one cycle. 



Example 2: the subgraph in the following fig- 
ure consists of a subgraph C4 and a subgraph 
Cs- Its root contains only one cycle. 






E 'F E *A 

By considering all possible cases, we obtain a list of subgraphs in Figure [T7| such that each one 
consists of 2 intersecting Ci, Cj but its root contains exactly one cycle. Denote by Ci{G) the set of 
all subgraphs in MC(G) isomorphic to Ci and not contained in any subgraphs of Ce(G). Moreover, 
to avoid the redundancy of the cycles that they infer, for each subgraph isomorphic to one in Figure 
17, we count only one of the two C^, Cj into the corresponding list. In the figure, the chosen one is 
in bold. 

Let Co{G) = U Ci{G) for z = 4, . . . , 9 (o for other), then we have the following remark. Suppose 
that G has a A-leaf basic g-network root N . Let S^i, 5^2 he two distinct subgraphs of Ce{G) U Co{G), 
then the cycles in N[Si] and N[S2] are distinct. 

Lemma 7 Suppose that G is biconnected and has a 4-/ea/ basic g-network root. Then there is a 
A-leaf basic g-network root N of G such that any cycle of N is contained in a root of a subgraph of 

Ce{G)UCo{G). 



Proof: Let c be a cycle of N. We consider each possible configuration of c. 
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(g) Cs + Cs (h) Ct + C9 (i) C7 + C2 

Figure 17: The list of subgraphs in which each one consists of two C^, Cj but infers only one cycle 
in its roots. The bold one is the one chosen to put into the corresponding list. 



If c is a big cycle, or a 6-cycle with 2 invisible vertices of distance 3, then the maximal cliques 
graph of the 4-leaf power of S(c) is a cycle of C\G). Hence, c is contained in a root of a subgraph 
of C\G). 

If c is a triangle without invisible vertex, then by the constraint imposed on the roots of G, c 
has at least two vertices which are adjacent to other inner vertices not on c. The corresponding 
maximal cliques graph is then either Ci or Cq. So c is contained in a root of Ci(G) or Cq(G). 

Similarly, we show the other cases. 

If c is a 6-cycle with one invisible vertex, then c is contained in a root of a subgraph of Cq{G) 
of C\G). 

If c is a 4, 5-cycle without invisible vertex, then c is contained in a root of a subgraph of C2(G). 
If c is a 6-cycle without invisible vertex, then c is contained in a root of a subgraph of Cs{G). 




(d) (e) (f) 

Figure 18: Replacing some subnetworks cycles by subnetworks without cycle 

If c is a triangle with one invisible vertex: If it is contained in a network as i?8,i5 then c is 

18 



contained in a root of a subgraph of Cs{G). Otherwise, we can replace it by the network in Figure 
18(a) I which does not contain any cycle and the resulting network is still a root of G. 



If c is a 4-cycle with one invisible vertex: If C is contained in a network as i?4^i or R^^i or i?7,i, 
then c is contained in a root of a subgraph of C4(G) or C^{G) or C7{G). Otherwise, we can replace 
it by the network in Figure [l8(b)| right. 

If c is a 4-cycle with two invisible vertices (Figure 18(c)| left), then MC{G) consists of only 



nodes AB connected by an edge of weight 2. So, N in the Figure 18(c) [ right is a root of G and it 
does not contain any cycle. 

If c is a 5-cycle with one invisible vertex: If c is contained in a network corresponding to a root 
of C2 or as i?5^2 or ^7,2, then c is contained in a root of a subgraph of C2{G) or Cj{G). Otherwise, 
we can replace it by the network in Figure p^8(d)| right. 

If c is a 5-cycle with two invisible vertices: If c is contained in a network as i?4^3 or R^^2 or i?8,2, 
then c is contained in a root of a subgraph of C4(G) or C^{G) or C^{G). Otherwise, we can replace 
it by the network in Figure |18(e)| right. 

If c is a 6-cycle with two invisible vertices of distance 2: If c is contained in a network as i?4^2 
or i?4^4 or i?5^3 or i?5^4 or i?7,3, then c is contained in a root of a subgraph of C4(G) or C^(G) or 
C7(G). Otherwise, we can replace it by the network in Figure [T8 (f ) | right . 

Finally, if c is a 6-cycle with 3 invisible vertices, then c is contained in a root of a subgraph of 
C4(G). □ 

So, if G is biconnected, the sets Ce{G) and Co{G) capture all the cycles that appear in a root of 
G, and different cycle is contained in a root of a different subgraph. There may exist some roots of 
G which contain other cycles but we can always replace them by the subnetworks without cycles 



as in Figure 18 



Further conditions for the roots of C^, i = 4, 5, . . . , 9 

With a given S E Co{G), not every root of S can always appear in some basic g- network root of G, 
if there is any. For example, let S G C4(G) as in Figure [Tl (a) If in MC{G), A has a neighbour node 



not in 5, then by Lemma |3] (iii), N[A] can not be an invisible (quasi) star. So, the root R4^i{A) of 
S can not be presented in any 4-leaf basic g- network root of G. A further example is the following. 



Example 3 Let MC{G) he the graph in Figure [7g| where A is a maximal clique of G consisting 
of {m,k,u, s}. S consists of M,A is a subgraph ofC(^{G). Let us consider the two roots i?i,i?2 of 
S. Ri is an induced subgraph of a A-leaf basic g-network root of G. However, if we choose R2 as a 
root of S to reconstruct a root of G, we obtain a network having intersecting cycles. So, R2 will be 
not chosen to construct A-leaf basic g-network roots of G. 

Before presenting the way to choose the appropriate roots for each subgraph of Co(G), we show 
some properties that these roots must have. 

For any S G Co(G), we denote by ext(S) the induced subgraph of MC{G) consisting of S and 



all nodes of MC{G) having distance at most 2 to at least a node of S. For example in Figure 19 
if S is the edge MA, then ext{S) is the path [M, A, B, G]. 

Lemma 8 Let A be a node of a subgraph S E Co{G). Let us consider the nodes around S in ext{S). 
For any A-leaf basic g-network root N of G: 

(i) If A has a neighbour node not in S, then N[A\ is not an invisible (quasi) star. 
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Figure 19: An example of r{S) 



(ii) Suppose that there are two nodes B^C ^ S such that B is a neighbour of A, and C is a 
neighbour of B but not of A: 

- If S ^ 09(0), then N[A] is a visible star. 

- If S ^ 09(0), then N[A] is either a visible (quasi) star or N^. Moreover, if N[A] is an 
N^, then N[B] is a visible star. 

Proof: (i) This claim is deduced from Lemma [s] (iii). 

(ii) By Claim (i), N[A] can not be an invisible (quasi) star because otherwise it can not have 
the neighbour B. 

- Suppose that S Cg{G): By observing the lists of roots of each Ci where z = 4, . . . , 8, we see 
that N[A\ is either a visible star, or or or Nq. 



The only configuration of N[S] such that N[A] is an is i?7^2 (Figure 14(c)), i.e. S G €7(0). 
Then N[B] is necessarily a visible star having the middle vertex on the cycle of and B must 

have 3 common vertices with A. So, (A, B) corresponds to a subgraph Si in either C9(G) or C2{G). 



It means that S U Si is isomorphic to the subgraph in either Figure 17(h)| or 17(i), However, by 



definition, the cycle of N[A] is implied from S^i, not from 5, and S is not chosen to be in €7(0), a 
contradiction. 

If N[A] is , then the possible configurations of N[S] are i?4,3, i?5,2, ^8,2- Moreover, N[S] can 
not be i?8,2 because in this network, all 2 possible neighbours of the maximal cliques corresponding 
to are in S. It means that A can not have such a neighbour B. So, N[S] has form of either 
R4 S OT i?5,2 5 i-e. S is either in C4{G) or in C^{G). N[B] can not be an invisible (quasi) star because 
otherwise it can not have such a neighbour C (by Lemma [s] (iii)). N[B] can not contain a cycle 
because otherwise its cycle intersects with the cycle of So, N[B] must be a visible star 

having the middle vertex on A^[A]. However, that will create a triangle ABX in MC{G), where X 
is the neighbour of A in 5 such that N[X] is a visible star having the middle vertex on A^[A]. Let 
Si = (ABX), so Si is a subgraph of C^iG). It means that S U Si is isomorphic to the subgraph in 
Figure [r7(e)| or [T7(g)[ However, by definition, in this case S is not chosen to be in C4(G) or C5(G), 
and the corresponding cycle in N[A] is implied from Si, not from S. 

Similarly, if N[A] is Nq, by analysing the lists of roots as above, we deduce a contradiction. 
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Hence, N[A] is a visible star. 

- Suppose that S G C9(G): So N[S] has form of either Rg^i or Rg^2 where N[A] is either a visible 
(quasi) star or isomorphic to N^. In the latter case, if N[B] contains a 4, 5, 6-cycle, it will intersect 
with the cycle of of If N[B] is an invisible (quasi) star then its middle vertex must be on 

the cycle of N[A], and B does not have the neighbour C, a contradiction. If N[B] is a visible quasi 
star then its triangle intersect with the cycle of Hence, N[B] must be a visible star. □ 

By observing the hsts of roots of Co(G), we deduce the following. 

Observation 4 (i) For i = 4, 6,8,9^ G Ci{G), every root of S contains a cycle c such that 
KS) C /(c). 

(ii) yS G C^(G), denote by lc(S) the only common vertex of the 4 maximal cliques of S, then 
every root of S contains a cycle c such that lc{S) G /(c). 

Example 4 (i) The subgraph C4 in Figure lll(a)\ has several roots, but the cycles in all of its roots 
always have the label set contains {x,y,z}, i.e. equals to 1{S). 

(ii) The subgraph C5 in Figure \l2( a )\ has several roots, but the cycles in all of its roots always 
have the label set containing x, which is the common vertex of the 4 maximal cliques of this subgraph. 

The following definition shows how to determine the appropriate roots of each subgraph of 
Co{G). 

Definition 4 Let S G Co{G), we define r(S) as the set of roots r of S such that: 

1. The cycle c in r is vertex- disjoint with the cycle in the root of every subgraph of Ce{G). 
Moreover, l{c) is disjoint with 1{S') for any S' G Ci{G),i = 4,6,8,9 and it is disjoint with lc{S^) 
for any S' ^C^{G). 

2. r is the induced subgraph of a A-leaf basic g-network r' where r' is a root of ext{S) which 
satisfies the properties in Lemma\^ 

The following properties of r{S) can be deduced from the above definition. 

Lemma 9 Let S G Co{G), and let r^, ri be two distinct networks of r{S). For i = 0, 1^ let r[ be a 
root of ext{S) which satisfies the properties in Lemma^such that ri is the induced subgraph of r[ 
on S . Let A be a node of S which has a neighbour B and B has a neighbour C not adjacent with 
A such that B^C ^ S, then: 

1. r'^lA^B] andr'ilA^B] have the same configuration. 

2. Denote by r'^ ^ the network obtained by overlaying the common part of r'^lS] and ri[B U C] 
on An B. Then they cycles in Tq ^ are vertex-disjoint. 

Proof: Remark that dMC(G){^i B) = 1, dMC(G)i^i C) = 2, so C G ext{S). 

1. Let M be a neighbour of A in S, and let be a certain 4-leaf basic g-network root of ext{S) 
which satisfies the properties in Lemma [sj We will prove that r^[A H B] has only one configuration 
by considering all possible cases: 

(i) If 5 C9(G), let 1{AM) = {m, k}. By Lemma [s] (ii), r'[A] is a visible star. 
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(i)-a If \AB\ = 1, let 1{AB) = {m}, then r'[A] has p{m) as its 
middle vertex, and r'[B] must be an invisible (quasi) star (according to 
Observation [2] (iv)). The configuration of r^[A D B] is as the figure on 
the right. 

(i)-b If\AB\ = 2 andl{AM)nl{AB) = {m}, let 1{AB) = {m,g}, 
then due to Remark [!} p{m) must be the middle vertex of r^[A]. We 
have the configuration as the figure on the right. 

(i)-c If \AB\ = 2 and 1{AM) fl 1{AB) = 0, then S' = 
(M, A, B) is a subgraph C7. 

If 5 US'' has the configuration C4 + C7 as in Figure [17(d)] where 
S is a C4, then r'[M] is a A^e, t'[A\ is a visible star. We have 
the configuration as the figure in the right. 
Otherwise, the cycles in the root of S and S' are distinct. S' can have 3 forms of roots: i?7,i, 

^7,2, ^7,3- 

- If r'[M^ A, B] has form i?7,i, and r^[M] is an invisible star, then the cycle in the root of 
S and is the same, a contradiction. So in this case r^[B] is an invisible star, i.e. B can not have 
a neighbour C, a contradiction. 

- If /[M, A, B] has form i?7,2 5 then all the four vertices p(m), p{k), p{q), p{s) are contained 
in the cycle of this root. However, by observing the hsts of roots of each C^, we see that either 
p{m) or p{k) must be contained in the cycle of every root of S. So, these two cycles intersect, 
contradicting r' is a g-network. 




A ^\ 
k m /q 
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- Hence, /[M, A, S] has form R^ s where M A B 

r^[B] is an Nq as in the figure on the right and ' mk' qs ' 

the middle vertex of r^[A] is on the cycle of r^[B]. 

(i)-d If \AB\ = 3; let 1{AB) = {m, 5}, then according to Observation [2] (ii), r^[B] is 
either a visible quasi star or A^4 or A^5 or N^. By Remark [l| p{m) is the middle vertex of r^[A]. We 
have the configuration in the following figure. 

MA B C 
mk mqs 




(ii) If S G Cq{G), let 1{AM) = {m, /c, 5}, then \AB\ = 2 and 1{AB) n 1{AM) ^ 0. The roots 
of S have two forms: Rg^i and i?9,2- There are 2 following cases. 
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(ii)-a \l{AM)nl{AB)\ = 1, let 1{AB) = {m,u}. r'[B] 

must be a visible (quasi) star having p(u) as its middle vertex. 

If r^[S] has form Rg^i where r^[A] and r^[M] are two visible quasi 

star sharing the same triangle, then by Remark [ij the middle 

vertex of r^[A] is p{m). If r^[S] has form Rq^2 then r^[A] is an 
and r'[B] is a visible star. Moreover, if r'[B,C] contains a 

cycle passing p{u), then N[S] has form Rg^i because otherwise 

the cycle in r^[B, C] will intersect with the cycle in r^[S]. 

(ii)-b \1{AM) n 1{AB)\ = 2, let 1{AB) = {m,k}. Sup- MA B C 

pose that r'[S] has form i^g^i, then for any configuration of r'[B]^ 

\1{MA) n 1{AB)\ < 1, a contradiction. So, r'[S] has form i?9^2 where 

/[74],/[S] are two visible stars having either p{m) or p{k) as their 

middle vertices. Moreover, if 1{AB) H 1{BC) = {A:}, then r'[B] has 
as its middle vertex, and r^[A\ has p{m) as its middle vertex. 

We see that in each case the possible configurations oi r' on A^B are unique even in the case 
that it has several possible configurations on M, A, C as in the cases (i)-d, (ii)-a. In other words, 
r'^lA n B] and r^lA n B] have the same configuration. 

2. Due to Claim 1, we can combine r'^lS] with r^[S,C] by overlaying their common part on 
A n S to obtain the network Tq i- So we have Tq i[S] — r'^lS] and Tq C] = t'i[S, C]. Suppose 
that r'^Y has two intersecting cycles co,ci. Then cq is contained in rQ]^[S'] and ci is contained in 
rQ ^[B^ C]. This claim will also be proved by considering all possible cases that are analysed above. 

(i) If 5 C9(G): In this case Tq is a visible star. So cq is contained in Tq ^f^]? it 
passes the middle vertex of Tq ^[A]. In order that cq and ci intersect, the cycle ci must be contained 
in Tq i[B] and cq, ci intersect at the middle vertex of Tq 

(i)-a As proved above, Tq i[B] must be an invisible (quasi) star. Then in order that Tq i[B] 
contains a cycle, it must be an invisible quasi star and its triangle contains p{m). However, the 
other leaf of this triangle is also contained in A. It means that A, B have more than one common 
vertices, a contradiction. 

(i)-b We consider furthermore the node C to determine the possible forms of r'[B] where 
r' is a certain 4-leaf basic g-network root of G which satisfies the properties in Lemma [8| In this 
case, r'[B] is either a visible (quasi) star, N'^^ or Nq. It can be checked that each possible 
configuration of BC brings about a unique configuration of r'[B]. So r^lB] and r[[B] are the same. 
Since Tq is a g-network, rQ[M] and r^lB] do not contain intersecting cycles. Hence, the cycles in 
-^[M] = (r^[M]) and r[) ^[S] = {r[[B] = r^[S]) do not intersect. 

(i)-c For a certain r\ it can be seen that r^[B] has only one configuration which is Nq 
and this cycle passes the middle vertex of r'[A]. Hence, the cycles in r^lB] and r[[B] are the same. 
Similarly with the above case, we deduce that the cycles in Tq i[M] and Tq i[B] do not intersect. 

(i) -d It can be seen that in all possible configurations, r^lB] and r[[B] contain a cycle 
passing p{m). If rQ]^[M] and r'^^lB] have p{m) as a common vertex, then r'^lM] — [r'^^lM]) and 
r'^lB] also have p{rn) as a common vertex. The later is a contradiction because Tq is a g-network. 

(ii) If 5gC9(G): 

(ii) -a Suppose that Tq corresponds to the first configuration and corresponds to the 
second configuration of the case (ii)-a in Claim 1. Then Tq ^[A\ is a visible quasi star having p{m) 
as its middle vertex and Tq ^[B] is a visible star having p{u) as its middle vertex. It means that the 
cycle Co is the triangle of Tq i[A]^ and ci must be contained in Tq i[C]. However, these two cycles 
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do not intersect. 

Suppose that Tq is the second configuration and r[ is the first configuration of the 
case (ii)-a in Claim 1. Then cq is contained in cycle of ro]^[74]. We know that rQi[B,C] is a 
visible (quasi) star. In order that rQi[B^C] contains a cycle intersecting with cq, either Tq^IB] is 
a visible quasi star or rQ]^[C] contains a cycle passing the middle vertex of r^-^lB]. In the first 
case, we deduce that r[[A] and r[[B] have 3 common leaves, a contradiction because \AB\ = 2. In 
the second case, we deduce that C is contained in a subgraph Si of Ci{G) where i G {4, 5, 6, 8, 9}. 
So, the label of the middle vertex of r[[B] intersects with either l{Si) if i G {4,6,8,9} or lc{Si) 
if z = 5. The later shows that r[ does not satisfy the property 1 of Definition [Ij i.e r[ r{S), a 
contradiction. 

(ii)-b r'[A^B] has a unique configuration as indicated in the case (ii)-b of Claim 1. In 
this configuration r^[A] contains the cycle cq and r^[B] is a visible star. So, cq is contained in 
To^^fA] and ci is contained in rQi[C]. Moreover, r^lA] = r[[A]. If cq intersects with cq, then the 
cycle in r[[C] = (rg i[C]) also intersects with the cycle in r[[A] = (^o[^] ~ i[^])- later is a 
contradiction because r[ is a g-network. □ 

Theorem 3 Let G be a biconnected graph which has a 4:-leaf basic g-network root Nq, and S G 
Co{G). 

1. Let ro = Azof's]; then ro G r{S) 

2. For any other network ri G r{S) different from ro; we can replace ro in Nq by ri and the 
obtained network Ni is also a 4-/ea/ basic g-network root of G. 

Proof: (i) It is obvious that ro is a root of S. We have to show that ro satisfies the 2 conditions 
in Definition |4j Let c be the cycle in ro. The first condition: we know that the cycle in the root 
of each subgraph in Ce{G) is contained in Nq, then c can not intersect with any of them. For any 
Si G Co{G) different from 5, A^ofS^i] contains a cycle different from c. So, /(c) can not intersect 
with the leaf set l{Si) if Si G Ci{G) where z = 4,6,8,9 or with lc{Si) if Si G C^{G). The second 
condition is obviously satisfied because rg = N{)[ext{S)\ is a root of ext(S) and it obviously has the 
properties in Lemma |8] because A^o is a 4-leaf basic g-network root of G. Moreover, ro is an induced 
subgraph of r^ on S. Therefore, ro G r(S). 

(ii) Let ri be another root of r{S) different from ro (Figure [4|, so there is basic g-network r[ 
which is a root of ext{S) and satisfies the properties in Lemmalslsuch that ri = ^[[3]. We will 
construct a basic g-network A^i as follows. Let . . . , be the connected components of MC{G) 
obtained after deleting S. Then for each there are two possible cases. 

Case (a): If all nodes of Hi are adjacent to at least a node of 5, then denote N'^ — r'^lHi]. 

Case (b): Otherwise, let = N^[Hi]. 

In case (a), both N'^ and ri are induced subgraphs of r'^^ then we can combine with ri by 
overlaying their common part. In case (b), let A be a node of S with has a neighbour B and 
B has a neighbour C such that B,C G Hi. So the common vertices of Hi and S are contained 
in. An B. According to Claim 1 of Lemma [9| r^lA H B] and r[[A D B] are the same. Moreover, 
r'^lAnB] =No[AnB] = N'[AnB], Sindr[[AnB] =ri[AnB]. ThenN'[AnB] andri[AnS] are 
the same. So, we can also combine N'^ with ri by sticking their common part on AD B (Figure |4]). 
Denote the obtained network by A^|. 

It is easy to see that Nl is a 4-leaf root of S U Hi. Indeed, for case (a), both ri and N'^ is 
an induced subgraphs of r[, i.e. Nl = r[[S U Hi]. We know that r[ is a root of ext{S)^ so Nl 
is a root of 5 U Hi. For case (b), we have (A^l[5])^^ = rf = S, and {Ni[Hi])'^^ = (TV^^^ = Hi. 



24 




Moreover, for any x E 5 \ Hi^ y ^ Hi \ (^^^{x^ y) and dj^i(x^ y) are both greater than 4. Hence, 
(7V|)4/ = (7Vq[5 u Hi]Y^ = SUHi. Then 7V| is a 4-leaf root of 5 U H^. 

Let A^i be the network obtained by combining ah N'^ to ri as described above for every Hi. 
Hence, A^i is a 4-leaf basic network root of G. 

We must show furthermore that A^i is a g-network, i.e. its cycles are pairwise vertex disjoint. 
Let c be the cycle of ri. All cycles of A^i different from c are pairwise vertex-disjoint because by 
construction, they are also the cycles of A^o and A^o is a g-network. So, it remains to show that not 
any cycle in A^i different from c intersects with c. By Definition |4| c does not intersect with the 
cycle in the root of any subgraph of Ce{G). Suppose that there is a cycle in A^i that intersects 
with c. Because does not contained in the root of any subgraph of Ce(G), it is a small cycle 
and different from a 6-cycle without invisible vertex. For all possible configurations of c', it can be 
checked that is contained in A^i[A] where X is a node in ext(S). Moreover, X can not be in S 
because otherwise ri contains two cycles c, c^ So, X G ext{S) \ S. Suppose that A is a node of 
a certain Hi in case (a). Then by construction, A^| is an induced subgraph of r[. Since r[ does 
not contain intersecting cycles, therefore Nl can not have intersecting cycles, contradicting the two 
intersecting cycles c, be both in A^|. Otherwise A is a node of a certain Hi in case (b). So, there 
exist two nodes B^C in. W such that B, C are adjacent and B has a neighbour AinS where either 
X = S or X = C However, by Lemma |9] r[[S] and r^lB^C] do not have intersecting cycles. It 
means that Nl[S] = (^i[S']) and Nl[B,C] = [tqIB^C]) do not have intersecting cycles. In other 
words, c, do not intersect. Hence, A^i is a basic g-network. 

Therefore, A^i is a 4-leaf basic g-network root of G and A^i is obtained by replace rg in A'o by 
ri. □ 
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Using Definition |4] and Lemma [sj one can calculate for each subgraph S of Co{G) the root set 
r{S) basing on the lists of roots in Figures 11, 16 and the analysis of configurations in the proof 



of Lemma [9) However, Theorem |3] does not hold when G is not biconnected. 
4.4.3 Other cycles when G is not biconnected 

When G contains several blocks, we consider separately each block and construct 4-leaf basic g- 
networks roots of each one. However, there are some conditions must be taken into account on the 
roots of two adjacent blocks. 

Lemma 10 Let . . . , Bm he the Mocks of G. Then G is a 4:-leaf basic g-network power if and 
only if each Bi is a A-leaf basic g-network power and for any two blocks Bi,Bj having a common 
vertex x, there exist some roots Ni^Nj of Bi^Bj such that: 

- either all the neighbours of p(x) in Ni are invisible or all the neighbours of p(x) in Nj are 
invisible. 

- if p(x) is contained in a cycle of Nj (resp. Nj) then it is not contained in any cycle of Nj 
(resp. Ni). 

Proof: ^ Suppose that G has a 4-leaf basic g-network power N . Let Ni — N[Bi] for any z = 1, . . . A:, 
so each Ni is a 4-leaf basic g-network root of Bi. Suppose that there is a neighbour Ci of p{x) in 
Ni and a neighbour Cj of p{x) in Nj which are both visible. Let yi^yj be the leaves attached to 
Ci, Cj. So the distance of y^, yj is 4, or yiyj are connected in G, which is a contradiction with the 
fact that Bi,Bj are 2 distinct blocks. 

The second condition is implied from the fact that is a g-network and so its cycles are pairwise 
disjoint. 

<^ Suppose that each Bi has a 4-leaf basic g-network rot Ni and the two conditions are satisfied. 
We construct N by combining all Ni by the same way in [5j: For any cut-vertex x corresponding 
to a leaf which is a cut-vertex of G, we glue p(x) together and remove all copies of x except one. 
So is a 4-leaf root of G and is a g-network. Indeed, the distance between any 2 leaves in one 
block does not change, the distance between any 2 leaves of 2 distinct blocks which do not equal 
the cut- vertex of these blocks are always greater than 4 (from the first condition), and the cycles 
in N are pairwise disjoint (from the second condition and from the fact that each Ni is a basic 
g-network) . □ 



By Lemma 10, the conditions at the cut-vertices of G impose some further cycles in the roots of 
G apart from those in the roots of the subgraphs in Ce{G) and Co{G). The subgraphs Cio, Cn, C12 
in the following allow us to recognize them. 

Let Cio(G) be the set of subgraphs of MC{G) which is not contained in any sub- • — — — • 
graphs of Ce{G) U Co{G) and isomorphic to Cio in the figure on the right where A ^ ^ 
contains a cut- vert ex of G different from y^z. 



Let Cii(G) be the set of subgraphs of MC{G) which is not contained in any sub- • — — 
graphs of Ce{G) U Co{G) and isomorphic to Cn in figure on the right where x is a 
cut-vertex of G, and A, C do not have any other neighbours in the same block. 

Let Ci2(G) be the set of subgraphs of MC{G) which is not contained in any sub- » < 
graphs of Ce(G) U Co(G) and isomorphic to C12 in the figure on the right where x is 
a cut- vertex of G, and A, B^C do not have any other neighbours in the same block. 
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And Cc{G) = Cio(G) U Cii(G) U CuiG) (c for cut-vertex). 

The following lemma shows that Cc{G) allows us to recognize the remaining cycles. 



Lemma 11 Let G be a A-leaf basic g-network power and let B be a block of G which is not a 
clique and contains a cut-vertex x. Suppose that B has a basic g-network root Ns in which p{x) is 
adjacent to only invisible vertex. Then has a cycle c which is contained in a root of a subgraph 
ofCe{B) UCo{B) UCc{B) such that S{c) contains x. 

Proof: By Lemma [s] (i), each of invisible vertices adjacent to p{x) is contained in a cycle of A^^^. 
Because does not have intersecting cycles, these invisible vertices are contained in an unique 
cycle. 

So, there are only 2 possible cases as in the figures on the right, where v are 
invisible vertices contained in the cycle c. In both two cases, X is contained 
in S{c). In the first case, x is contained in exactly one maximal clique of B, 
corresponding to the invisible star of u. In the second case, X IS contained in 
at most 3 maximal cliques of B. Two of them correspond to the two invisible 
stars of u, v, and it may exist the third one corresponding to the cycle c passing 
p{x)^u^v. In the latter case, c must be either or Nq because only these 
networks of T can have 2 invisible vertices on their cycle. 
Suppose that x is not contained in any subgraph of Ce{B) U Co{B), then the cycle c is not 
contained in any root of Ce{B) or Co{B). So c is one of the cycle in the networks that are replaced 
by the networks without cycle in the proof of Lemma [t] (Figures |18(a)[ |18(b) , |18(c) , |18(d)[ |18(e)| 
|18(f)[ ). By calculating the corresponding maximal cliques graphs, there are 3 cases: 

- X is contained in exactly one maximal clique A of B^ then x is contained in a subgraph of 
Cio(e). 

- X is contained in exactly two maximal cliques A, C of B^ then x is contained in a subgraph 
of Cii{B). Indeed, if A^C have neighbours in 0, then by checking the root list we see that the 
corresponding subgraph does not have any root in which p(x) is adjacent to only invisible vertex, 
a contradiction. 

- X is contained in exactly three maximal cliques A, B, C of B, then x is contained in a subgraph 
of Ci2{B). Indeed, if A, C have neighbours in 0, then either there is not any root in which p[x) is 
adjacent to only invisible vertex, or the corresponding subgraph is in Ce(G) UCo(G), contradictions. 
□ 



For each subgraph Cio,Cii,Ci2, we find also a finite list of its corresponding roots (Figures 
21, 22, 23]). Beside the roots without cycle (Figures |21(f)[ |22(c) , |23(c) ), we have also the roots 
containing cycles for the case that all neighbour vertices of p{x) are invisible (figures 21(b)| |21(c)| 
21(d)[ |21(e)| |22(b)| |23(b)D . These cycles do not necessarily appear in the roots of one block (because 
we can replace it by a eyeless network as proved in Lemma [7|, but when p{x) needs to be adjacent 
to only invisible vertices, they necessarily appear. 

For any subgraph S G Cc(G), we also restrain the choices of roots of S from the full provided 
lists as in Definition [4j Hence, the obtained root set r{S) has the same properties as the root set 
of the subgraphs of Co{G) in Theorem |3j In fact, only the subgraphs of Cio(G) are concerned here 
because by definition the subgraphs of Cii(G) and Ci2(G) do not have other neighbours in the same 
blocks. 

Denote S{G) = Ce{G) U Co{G) U Cc{G) , we have the following lemma. 
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(a) Cio (b) RioAy) (c) Rio,2 (d) i?io,3(2/) (e) Rioa (f) ^^10,5(2/) 

Figure 21: Ciq and its 4-leaf basic g- network roots, x is a cut- vertex contained in A. 
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Figure 22: Cu and its 4-leaf basic 
network roots, x is a cut-vertex. 



Figure 23: Cu and its 4-leaf basic g- 
network roots, x is a cut-vertex. 



Corollary 5 Suppose that G has at least one i-leaf basic network root. Then there is a A-leaf basic 
network root N of G such that any cycle of N is contained in a root of a subgraph of S{G). 
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Proof: It can be seen that each cycle listed in Figures [T8(a)j p^(b)[ [T8(c)j [T8(d)j [T8(e)j p^(f)] of 
Lemma [t] is contained in a root of a subgraph of Cc{G) in Figures 
proof of Lemma [7| we are done. 
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Combining with the 
□ 



So, we are going to construct the roots of G in which each cycle is contained in a root of a 
subgraph of S{G) . 

For each block B which contains a cut- vertex x, we introduce two variables cs{x) and iB{x) 
with the convention that: cb{x) — true in a root of B if p{x) is not contained in any cycle of this 
root, false otherwise; isix) — true in a root of B \ip{x) is adjacent to only invisible vertices in this 
root and false otherwise. The 2 conditions in Lemma [TO] can be rewritten as: in any root of G we 
have cs{x) V cb'{x) — true and iB{x) V is'^x) — true for any two blocks 0, B' sharing a cut- vertex 
X. We say that these values are compatible in this case. 

If is a block clique, then by the constraints imposed on the roots of G, we have cs{x) — true 
and i^(x) = true because the root of B is an invisible star. So, there is no constraint imposed by 
B on the root of B' . Hence, we need to consider only the case that neither B nor B' is a clique. 

If X is not in any subgraph of 5(0), then by Lemma pT| Corollary [5| p{x) is not contained in any 
cycle and it is adjacent to at least one visible vertex. So in this case, we can impose cb{x) — true 
and iB{x) — false. 

If X is contained in at least a subgraph of S{B) which has several roots and each one gives a 
different values for these variables, then we must choose the appropriate one. So, the conditions in 



Lemma 10 restrain the choices of roots of each subgraph of S{G) which contains a cut-vertex. For 



example, the root set of a subgraph Si may restrain the choice of roots of a subgraph 5^2 which is 
contained in an adjacent block of the block of Si. This restriction may influent the choice of roots 
of other subgraphs and so on. However, we propose in the following theorem an efficient way to 
apply these conditions. 
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Theorem 4 Given S{G) and the root set of each subgraph in S{G), one can find in linear time a 
root for each subgraph of S{G), if there is any, such that the conditions in Lemma\T^ are satisfied 
at any cut-vertex of G. 

Proof: Let BC{G) be the block tree of G. We choose a certain node R of BC{G) as its root. At 
the beginning, we impose root{S) — r{S), i.e. the root set of S for any subgraph S of S{G). We 
apply the condition in Lemma [lO] as fohows: 

- Begin with the blocks corresponding to the leaves of BC{G)\ for any subgraph S G S{G) of 
these blocks, we keep root{S) = r{S). 

For each block B of G, denote by BCb{G) the subtree of BC{G) rooted at B. 

Induction hypothesis: Let B is the currently considered block, then for any root in root{S) of 
a subgraph S of B, there exists at least a root in root{S') for each subgraph S' in any block of 



BCb{G) such that the conditions in Lemma 10 are satisfied at any cut-vertex between two adjacent 
blocks in BCb{G). 

- Consider a block B such that all of its descendants have been already considered. Let B' 
be a block in BCs{G) which has a common cut- vertex x with B. For any subgraph S of S{B) 
which contains x, we keep only the roots r in root{S) such that for any subgraph S' of S{B') which 
contains x, there is at least a root r' in root{S') which gives the compatible values to r. 

- We continue this process up to the root R. Suppose that root{S) ^ for every subgraph S of 
the block R. Then by the induction hypothesis, there is at least a root in root(S) for each subgraph 



S of any block of BC{G) such that the conditions in Lemma 10 are satisfied at any cut- vertex of 
G. Otherwise, if there exists a subgraph S of the block R such that root{S) = 0, then G is not a 
4-leaf basic g-network power. 

Finally, we can easily choose for each subgraph S of S{G) a root in root{S) as follows: 

- Choose for each subgraph 5 of i? a certain root in root(S). 

- Next, for each subgraph of S{B) where ;B is a child block of i?, choose a certain root in 
root{S) which is compatible with the chosen roots on R if they share a common cut- vertex. There 
exists always at least such a root due to the above proof. 

- We continue to do that down to the leaf block of BC{G). 

Hence, the obtained collection of roots verify the property stated in the theorem. □ 

We call each collection of roots calculated in Theorem [4] a subroot set of G. So, if 7^ is a 
subroot set of G, then each subgraph of S{G) has exactly one root in TZ. Moreover, the cycles in 



the networks of TZ are pairwise vertex disjoint, and the conditions in Lemma 10 are satisfied at 
any cut- vertex x of G. Therefore, according to Corollary [4] and Theorem [3} if G is a 4-leaf basic 
g-network power then there is always a basic g-network N containing the subnetworks of TZ as 
induced subgraphs. 

Let TZc = {^^(c)! c is a cycle in a network of 7^}, namely a cycle-root set of G. 
After constructing the collection of cycles, we consider the remaining parts of the roots in the 
next section. 



4.5 Putting the things together and constructing the roots 

Let be a basic g-network without invisible vertices. Denote by X{N) the graph obtained from 
N by labelling each inner vertex following the label of its leaf and removing all of the leaves. So X 
is a bijection from the set of basic g-networks without invisible vertices to the set of g- networks. It 
is easy to see that the 4-leaf power of N is exactly the square of X{N). 
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Proposition 3 Let H be the square of a tree and its vertices are distinctly labelled. 

If H is a clique then the square tree roots of H are all possible stars having vertices set equal to 
the vertices set of H. 

If H contains 2 maximal cliques then H has two square tree roots, each one consisting of two 
adjacent stars. These roots have the same forms but are labelled differently. 

If H contains at least 3 maximal cliques then H has a unique square tree root. 




(a) A clique and its square tree (b) A graph consisting of 2 maximal (c) A graph and its unique square tree 
roots. cliques and its two square tree roots. roots. 

Figure 24: Tree square roots. 



Proof: If i7 is a clique, it is easy to see that its tree roots must be stars. These stars are different 



by the labels of their middle vertices (Figure 24(a)). 



[4J represents a characteristic of the square of a tree and the way to construct its roots: each 
maximal clique corresponds to a star, and the middle vertex of a star is uniquely determined (Figure 



24(c) ) except when H contains only two maximal cliques. For example H has 2 maximal cliques 
A, so they have exactly 2 common vertices x^y. So, the star corresponding to A can take either 
X or y as its middle vertex, and the star corresponding to B take the other vertex as its middle 
vertex. Hence, in this case H has two roots (Figure [24(b)| ). □ 

Given a cycle-root set TZc of G, and a block B of G, denote by Tlc[S] the cycles of TZc restricted 
on B. 

Definition 5 Let B be a block of G and let TZc be a cycle-root set of G. We define B\TZc as the 
graph such that MC{B \ TZc) is constructed as follows: 

For each cycle c in TZc[B], let Ai^ . . . ^ Aj^ be the nodes of MC{B) corresponding to the visible, 
invisible (quasi) stars of S{c). Let M be the node corresponding to the subnetwork of contains c 
if there is any. Then, delete M and all edges between Ai from MC(B). 



Example 5 For instance, see the two examples in Figures 25, In Figure 25, MC{B) contains 
a cycle which is a subgraph of C'{B). By Lemma^ there is a cycle in any root of B in which each 
node A^B^C^D^E^F corresponds to a visible or invisible star of this cycle. So, in MC{B\TZc), 
we delete the edges between them. In Figure ^2^ MC{B) contains subgraph AMB in C2{B). By 
Lemma\^ there is a cycle in any root of B in which each node A^B corresponds to a visible star 
and M corresponds to the cycle. So, in MC{B\TZc), we delete M and the edges MA^MB. 
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X Z X z 



MC{B) MC{B\nc) 
Figure 25: Example 1 



A M B A B 




MC{B) MC{B\nc) 



Figure 26: Example 2 




Definition 6 (Separating the stars) Let c be a 

cycle in a network N. The operation of separat- 
ing the stars of S{c) is illustrated in the figure, i.e. 
the stars which have the middle vertices on c are sep- 
arated. Denote by T(N) the graph obtained from N 
by this operation on all cycles of N. 

So, for any network N, T{N) is a forest. By Lemma 
[3]-(i), if N has an invisible vertex, then it must be 
contained in a cycle of Tlc[Bi]. 
So, each tree of T{N) is either an invisible star or a tree without invisible vertex. 

Theorem 5 Let Bi^ . . . ^Bk be the blocks of G, then G is a 4:-leaf basic g-network power iff G has 
a cycle-root set TZc such that for every 1 < i < k, Bi\TZc is the square of a forest. 

Proof: ^ Suppose that G has a 4-leaf basic g-network root N . Then, the collection of cycles of 
N forms a cycle-root set TZc of G. For each block Bi of G, let Ni — N[Bi]. 

If Bi is a clique then N[Bi] is an invisible star, i.e. it does not contain any cycle. So, B\7lc = B^ 
which is obviously the square of a tree. 

Otherwise, for any i = 1, . . . , A:, we calculate T{Ni). By Definitions [5] and |6j each connected 
component H oi Bi \ TZc is a 4-leaf power of a tree T in the forest T{Ni). If T is an invisible star, 
then i7 is a clique, so it is obviously the square of a tree. Otherwise, T is without invisible vertex, 
then H has X{T) as a square tree root. In other words, Bi \ TZc is the square of a forest. 
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<^ Suppose that G has a cycle-root set TZc such that Bi \ TZc is the square of a forest for any i. 
If Bi is a chque, then we construct Ni as an invisible star having the leaf set equal to the vertex 
set of Bi. 

Otherwise, we will show a way to construct a network Ni which is a 4-leaf basic g-network root 
of Bi. Let i7 be a connected component of Bi \ TZc, so H is the square of a tree. There are two 
cases: 

- H is a. clique which corresponds to an invisible (quasi) star having the middle vertex on a 
cycle of 7lc[J3i]. In this case we construct a 4-leaf root r of H which is an invisible star. It is the 
case of the clique {u^t) in Figure |4j 

- otherwise, we will construct a 4-leaf root r of H which is a basic tree without invisible vertex. 
It is equivalent with constructing a square tree root t = X~^{r) of H. The root r of H must be 
compatible with the cycles in 7lc[Bi], it means that it must satisfy the following conditions: For any 
maximal clique A of H such that there is a cycle c of Tlc[Bi] and S'(c)[74] is a visible (quasi) star, 
then r[A] must be the visible star having the same label of the middle vertex of S'(c)[74]. In other 
words, t[A] is a star having the same label of the middle vertex of S'(c)[74]. 

For example, in Figure |4j let consider the connected component H which contains the maximal 
clique A = (6, c, t, z) of Bi \ TZc- There is a cycle c in TZc[Bi] where S'(c)[74] is a visible star having t 
as the label of the middle vertex. So, we construct the root of i7 as a visible star also having t as 
the label of the middle vertex. 

There is always such a root of H because: 

. If i7 is a clique, i.e. H — A^ then S'(c)[74] is certainly a root of H. So we need only to 
choose r = S'(c)[74]. 

. If H contains 2 maximal cliques A, then the label of the middle vertex of S'(c)[A] is one 
of the common labels of A, B (see Remark [T]). It is also the way that we choose the middle vertex 
for the root of H in this case (see Proposition [s]). 

. If H contains at least 3 maximal cliques, then by Proposition [3) it has a unique square 
root t. The label of the middle vertex of t[A\^ or r[A\^ and S'(c)[74] must have the same label. This 
claim is followed from the fact that when we construct the roots for each subgraph S in 5(0), we 
consider also the nodes around S (see the way of determining the middle vertex in Remark [l] and 
of considering the nodes around each subgraph up to distance 2 in Definition [4]). 

Denote by Fi the forest consisting of the roots of Bi \ TZc such that the root of each connected 
component of Bi \ TZc is constructed as above. We calculate A^^ by overlaying the common parts 
of the stars in the trees of Fi. In fact, Ni = T~^{Fi), because this is the inverse operation of 
separating the cycles in Definition [6j It is easy to see that Ni is a 4-leaf root of Bi, and each cycle 
in TZc[Bi] is a cycle of Ni. 

We must prove furthermore that Ni is a basic g-network. For each block Bi, each cycle of TZc[Bi] 
is a cycle of Ni, so these cycles are vertex disjoint. Suppose that Ni has a cycle c not in 7lc[Bi]. Ni 
is a 4-leaf root of Bi, so by Corollary [sj c must be contained in a root of a subgraph S of S{Bi). 
However, by definition of cycle-root set, S must has a root r whose cycle is contained in 7lc[Bi]. 
This cycle must be exactly c because otherwise r has two distinct cycles, a contradiction. Hence, 
Ni is a basic g-network. 

Finally, we combine Ni for any z = 1, . . . , A: by gluing all p{x) for any cut-vertex x oi G and 
deleting all copies of x except one. So, the resulting network is a 4-leaf basic g-network root of 
G due to Lemma 10 and the property of the cycle-root set TZc^ i.e. no cycles in the roots of two 
different blocks of G can intersect. □ 
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We can resume the method to construct a 4-leaf basic g-network root of G in the fohowing 
algorithm. See Figure [4] for an ihustration. 



Data: A connected undirected graph G, and a fixed k 
Result: A 4-leaf basic g-network root of G, if there exists one 
1 for ( each block B of G) do 
Calculate MC{B)] 

Calculate S{B) = Ce{B) U Co{B) U Ce(S); 
Construct the root set r{S) of each subgraph S G S{B)] 
if (^S G S{B) such that r{S) = 0; then 
^ return null] 



7 if (G does not have any cycle-root set) then 

8 ^ return null; 

9 Calculate a cycle-root set TZc oi G. 
10 for ( each block B of G) do 



11 

12 
13 

14 
15 



Calculate MC{B \ 7^c) and B \ Tic, 
if (B \ TZc is not the square of a forest) then 
^ return null; 

Construct the square root of each connected component of B\7lc compatible with TZc; 
Construct a 4-leaf basic g-network root of B; 



16 N ^ Combine the 4-leaf basic g-network root of each block; 

17 return N 



Algorithm 1: Construction of 4-leaf basic g-network root 



Corollary 6 Recognizing a 4-/ea/ power of a basic g-network and constructing one of its roots, if 
there is any, can be done in polynomial time. 

Proof: We will prove that Algorithm [l] is polynomial. 
Calculating the blocks of G is done in linear time. 

For each block B of G, let Vs, Es be the number of vertices and edges of B. We know that MC{B) 
is calculated in ll/gl.lE'i^p (Theorem [2]) and BC{B) is constructible in linear time 0(|Vi3| + \Eb\)' 

We consider now the complexity to calculate the subgraphs of S{B). It can be deduced from 
Lemmas [5| |6] and the lists of roots of Ce, Cs that the subgraphs of C'{B)^ Ci{B)^ C3(;B), Cq{B)^ 
C^{B) must be pairwise node disjoint, otherwise the cycles in their roots intersect. Moreover, they 
are the only subgraphs of S{B) that contain cycles. It implies that if ;B is a 4-leaf basic g-network 
power, then each non trivial block of MC{B) is a one of these subgraphs. 

Remark that: 

- Each subgraph oiC\B), Ci{B), Cq{B), Cs{B) is a cycle, 

- Each subgraph of Cs{B) contains 8 nodes, 12 edges, 

- The number of nodes of MC{B) is bounded by 'i.\EB\ (Corollary [s]). 

So if ;B is a 4-leaf basic g-network power, then the number of edges of MC{B) is bounded by 
c.\Eb\^ where c is a constant. Hence, calculating the blocks of MC{B) and checking the form of 
each one can be done in 0{\Eb\)- 
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Calculating C2{13) is also done in 0{\Es\). 

Calculating the other subgraphs of Co{B)^ Cc{B) is done in 0{\Eb\^) because each subgraph has 
at most 4 nodes. So, its takes in total 0{\Eb\^) to construct S{B). 

Next, constructing the root set of each subgraph is done in at most 0{\Eb\) following the 
constructible Lemmas [5| [g] for the subgraphs in Ce{B), and following the provided finite list of 
roots, the construction of r{S) in Definition [4] for the subgraphs in Co{B) UCc{B). There are at 
most 0{\Es\) subgraphs, then in total it takes 0{\Es\'^) to find the roots set for each subgraph of 

By Theorem [4| applying the condition between two non-disjoint blocks in order to calculate a 
cycle-root set TZc is done in linear time 0(|Vi3| + l^'isl). 

Calculating B\TZc^ determining if it is the square of a forest [HI [5] and constructing a root of 
it by Theorem [5] are done in linear time 0(|Vi3| + \Es\). 

Finally, combining the root of the blocks of G is done in linear time 0(|^| + l^^l). 

Then, we have the total complexity is Odyl-lE'p + l^"!^) = 0{\E\^) (because G is connected). 

□ 

Corollary 7 Recognizing a square of a basic g-network and constructing one of its root, if there is 
any, can he done in polynomial time. 

Proof: It is easily to see that G is the square of a basic g-network iff it is the 4-leaf power of 
a basic g-network without invisible vertex. So, it can be deduced from Theorem [5] that G is the 
square of a basic g-network iff G is biconnected, has a cycle-root set TZc such that the cycles in TZc 
are without invisible vertex, and G \ T^c is the square of a forest. So, any cycle of C\G) must have 
all edges of weight 2. We do not need to calculate Ci{G) for z = 4, . . . , 8 because all roots of these 
subgraphs contain at least one invisible vertex. We do not neither have to calculate Cc{G) because 
G is biconnected. So, the complexity of this problem is equal to the complexity of calculating the 
maximal cliques graph, which isOdyl.lE'p). □ 

5 Conclusions and Perspectives 

Of course the complexity of our algorithm could be improved, but we hope that these partial 
structural results on fc-leaf J\f network power could help to answer the biological question described 
in the introduction. We have proven here that the recognition of 4-leaf g-network power graphs is 
polynomial. It would be natural to enlarge this result to the class of extended Cactus graphs (with 
leaves but for which two cycles share at most one vertex). 

But we propose a stronger conjecture in the same flavour that [9J: 

Conjecture: The recognition of 4-leaf N power graphs is polynomial for every bounded 
treewidth J\f class of phylogenetic networks. 
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